Three-photon ionization cross sections from the ground state, and two-photon ionization from the 3 1 P(3s3p) state have been calculated for Mg in the region between the 3p and 4s ionization thresholds. These processes include an above-threshold ionization process for the last absorbed photon. 
I. INTRODUCTION
Experiments using the photoionization of magnesium as an electron source ͓1͔ have motivated our theoretical study in three-photon above-threshold ionization ͑ATI͒. ATI is a process in which an atom absorbs more photons than the minimum number required to ionize the atom ͓2͔. The energy may then be transferred either into kinetic energy of the ejected electron, or into exciting the remaining ion. In the cited experiment ͓1͔, the photoelectron energy spectra is measured while Mg vapor is exposed to resonant radiation Mg 3 1 S(3s 2 )→3 1 P(3s3 p) at the entrance to a magnetic bottle spectrometer ͑MBS͒ ͓3͔. This experiment shows two fast electron time-of-flight peaks, along with the expected resonance enhanced two-photon ionization ͑REMPI͒ peak. The slower of the two is due to a superelastic collision in which a REMPI electron de-excites a second Mg atom from the 3 1 P(3s3 p) to the 3 3 P(3s3 p) state. The faster peak was originally ascribed to a three-photon ionization; however, one should be cautious before accepting this as a definitive conclusion. Indeed, one difficulty in these time-offlight experiments is that the energies of superelastically scattered electrons and of electrons ejected due to multiphoton ionization are identical. Thus there are two processes yielding the highest energy electrons. One is two-photon REMPI, which is followed by the ejected electron superelastically scattering with a second excited Mg atom. In the collision, the atom de-excites from the 3 1 P(3s3 p) state to the 3 1 S(3s 2 ) state. The other is three-photon ionization of Mg, in which the last photon produces a continuum-continuum transition. While the initial power study on the photon intensity seemed to suggest that the process is primarily due to ATI, the measured cross section is unusually high, and saturation of the 3 1 S(3s 2 )→3 1 P(3s3 p) transition leaves the answer open to doubt. In principal, a density dependence study should determine the dominant mechanism, however, the density range available to the apparatus makes this method impractical. Furthermore, one peak in the electron spectra occurs at an intermediate energy unaccountable in terms of accepted ATI processes, but is consistent with a superelastic scattering process. It is exceedingly difficult to determine if the appropriate mechanism is ATI or REMPI followed by a superelastic collision experimentally.
In order to facilitate the determination of the mechanism, we have calculated both three-photon ATI from the 3 1 S(3s 2 ) state and two-photon ATI from the 3 1 P(3s3p) state. The two processes investigated are shown in Fig. 1 ; process ͑A͒, generally referred to as the three-photon process, is a one-color three-photon ionization of Mg from the ground 3 1 S(3s 2 ) state. Process ͑B͒, also referred to as the two-photon process, is a one-color two-photon ionization from the 3 1 P(3s3 p) state. The calculation of process ͑B͒ simulates a two-color study, in which the 3 1 S(3s 2 ) →3 1 P(3s3 p) transition is pumped, followed by the onecolor two-photon ionization where the photon energy is varied.
FIG. 1. A sketch of the two processes studied in this paper. ͑A͒ is a one-color three-photon process form the ground state. ͑B͒ is a one-color two-photon process from the 3 1 P(3s3p) state.
ATI is a fundamental process in strong field dynamics that is useful for investigating doubly excited states also referred to as autoionizing states ͑AIS͒, shape resonances, and other resonant processes found in the continuum. It also represents a test for our ability to describe continuum state processes. Indeed, in this process, the continuum-continuum transitions are more difficult to evaluate than bound-continuum transitions because the wave functions are not localized, and poles may be present in the intermediate-state Green's function. Our theoretical approach allows us to solve this problem in a simple way and to evaluate the angular distributions of the ejected electrons, which poses an even stricter test for our method ͓4͔.
In addition to its use as a tool in recent experiments ͓1͔, there is a great deal of intrinsic interest in the ionization properties of Mg ͓5-15͔. Karapanagioti and co-workers have studied population trapping using three-photon ionization in this energy range ͓12,13͔. Bonanno et al. and Shao et al. have studied doubly excited states in two-photon ionization of Mg ͓16,17͔. Several theoretical studies have also been performed on Mg photoionization. Lyras and Bachau have studied phase control in two-and four-photon ionization in Mg ͓18͔. Chang et al. have studied atomic structure effects in three-photon ionization of Mg ͓14͔. Luc-Koenig et al. have studied a variety of photoionization properties of Mg, including two-photon ATI ͓11͔. Moccia and Spizzo and Mengali and Moccia studied one-and two-photon ionization of Mg using an L 2 integrable basis ͓5-9͔. And, in a previous paper, the authors have studied two-photon ATI in Mg ͓15͔. Despite the attention Mg receives as a convenient target for both experiments and theory, there has yet to be a comprehensive calculation on three-photon ionization in the region of the 3 1 S(3s 2 ) -3 1 P(3s3 p) transition. In this work, we present total and differential cross sections for three-photon ionization from the ground state and two-photon ionization from the 3 1 P(3s3 p) state where the final energy lies above the 3p threshold. These processes are diagrammed in Fig. 1 . In these cases, it is only the final photon which induces a continuum-continuum transition. These calculations were performed using an L 2 integrable B-spline basis ͓19,20͔. B-splines are a set of piecewise polynomials, which are capable of simultaneously representing bound and continuum states. We will use the Green'sfunction method in the Feshbach formalism as described by Sánchez and Martín ͓21͔, and the L 2 close-coupling approach ͓22͔. We work under the assumption of LS coupling, and use lowest-order perturbation theory ͑LOPT͒. We are also interested in the electronic structure of the Feshbach states, and we describe their positions, widths, and assignments. This method allows for a comprehensive study of the photoionzation properties of Mg, including ATI.
Atomic units are used throughout, unless otherwise noted. When we designate a state by a single configuration, that is the dominant configuration in our calculation.
II. THEORY
The multiphoton cross sections are evaluated in the dipole approximation for linearly polarized light. The cross section for an N-photon ionization process is given by and M (N) is the amplitude associated with the multiphoton transition between the initial state g and the final channel in atomic units. For the two-photon case, the transition amplitude is found by
Here, represents all possible intermediate ͑bound and continuum͒ states, g represents the ground state, D is the dipole operator, and e is the polarization vector. The three-photon amplitude is given by
The summation integral symbol describes four terms in the equation, the integral over both dE 1 and dE 2 , the sum over both 1 and 2 , and the two cross terms. The velocity gauge of the dipole operator is used throughout this calculation. E g is the energy of the ground state and E , E 1 , and E 2 are the energies of the intermediate states. Equations ͑2͒ and ͑3͒ show that if a bound intermediate state lies at the energy E g ϩ or E g ϩ2, the cross section diverges. This includes the case where resonantly couples with a bound transition in the ionized atom. This means that the cross section for a process in which the resonant 3s→3 p transition in Mg ϩ is pumped, appears to produce a singularity. On initial inspection, it may appear that in the case of ATI we would face a similar problem with poles appearing in the denominator of Eqs. ͑2͒ and ͑3͒. This is not the case because the integral must be evaluated by surrounding the pole in the complex plane. In the L 2 approach, this leads to the evaluation of a discrete summation corresponding to the principal value part of the integral and an imaginary delta term associated with the pole ͓23͔. The discretization is then done by varying the box size to ensure that the energies for the true continuum state associated with the pole and its discrete representation match precisely. The intermediate-state wave functions were calculated using the L 2 integrable close coupling method as developed by Cortés and Martín ͓22͔. In this method, the multichannel continuum is transformed into a sum of single-channel continua or orthogonal uncoupled continuum states. The single channels are found by diagonalizing the Hamiltonian in a basis of two electron configurations. For intermediate continuum states, one defines two open channels, 3sks and 3skd, and closed channels associ-ated with the doubly excited states. These uncoupled continuum states are found by diagonalizing,
where E is the uncoupled continuum state, P is a projection operator which ensures orthogonality between the channels, and represents each channel. The interchannel coupling is introduced using a Lippman-Schwinger formalism. The resulting intermediate continuum state is written
where is the density of states in a given channel. The Green's-function matrix elements in Eq. ͑6͒ may then be solved using algebraic methods, as described in Ref.
͓22͔.
The coupling between channels from Eq. ͑5͒ is the electronelectron interaction and the polarization potential. The final continuum states are treated in the Feshbach formalism ͓24͔, using the method developed by Sánchez and Martín ͓21͔. In this method, the resonant and nonresonant contributions to the wave functions are treated separately ͓24͔. The nonresonant configurations are selected by the P projection operator, and the doubly excited configurations are selected by the Q operator. This permits the calculation of the widths and positions of the doubly excited states in a single calculation. It also clarifies the role of correlation in the spectra by identifying the Feshbach state, and the weights of the contributing configurations. For each channel the exact continuum wave function can be written as
where G Q (s) and G P (s) are the Green's operators associated with their respective space, ͉ s ͘ is the resonant wave function of energy E s , ͉⌿ E Ϫ ͘ is the nonresonant wave function, and E is the energy of the final state; E s , ⌬ s (E), and ⌫ s (E) are the exact position, shift, and width of the doubly excited states. The notation explicitly shows that the shift and width are dependent on the energy of the final continuum state. As mentioned above, Eq. ͑8͒ is exact and has been used in our evaluation of the N-photon matrix element given in Eqs. ͑2͒ and ͑3͒. The resonance parameters have been obtained by choosing EϭE s , which is the usual approximation in the framework of the Feshbach theory ͓24͔.
All necessary wave functions were represented in a basis of two-electron states constructed from a B-spline basis ͓19,20͔. B-splines are an L 2 integrable basis so that this representation results in a discretization of the continuum ͓25͔. For each angular momentum, a basis of 650 B-splines of order 10 was placed in a linear knot sequence with the maximum radius of 250 a.u. The order of the basis refers to the number of nonzero basis functions at each radial point, except at the edge of the box where all basis functions are removed which do not conform to the boundary conditions. The basis was large enough that the energy levels and cross sections were essentially invariant to small changes in the size of the box and the basis. The Mg 2ϩ core is represented by an analytical model potential that reproduces the valencecore potential resulting from self-consistent calculations, plus a phenomenological potential that represents polarization of the core. Details of this model potential can be found in Moccia and Spizzo ͓26͔. The one-electron states are found by diagonalizing the Mg ϩ Hamiltonian using the above B-spline basis set; this diagonalization is performed by imposing orthogonality with the core. The two-electron states included in Eqs. ͑4͒, ͑5͒, and ͑6͒ were evaluated in a basis of configurations built from the one-electron orbitals. The number of two-electron configurations is typically 100 for uncoupled continuum states, and 500 for bound and AIS states, and includes angular momenta up to lϭ4. The bound state wave functions were calculated using the same one-electron basis as the continuum states.
The angular distribution of the ejected electrons is a further test of our calculations. Upon coupling the wave functions with the dipole operator, the angular part of the ejected electron distribution is given as Also, we use the notation X ϭͱ2Xϩ1. We use the dipole approximation, and we assume that the recoil of the atom is negligible. We also assume that the initial state has M i ϭ0 and that photons are linearly polarized with parallel polarizations. In this case, M L ϭM L Ј ϭ0 and M K ϭ0, so that the cross section can be written
which is identical to Eq. ͑30͒ in Ref.
͓27͔. The assumption that M i ϭ0 is fully justified in the case of three-photon ionization from the ground state since L i ϭ0. In this, our treatment differs from that of Ref. ͓5͔, where the population of all M i states is assumed and the angular distributions may be described with NϪ1 beta parameters for an N-photon process. However, our assumption should be treated carefully in the case of the two-photon ionization from the 3 1 P(3s3 p) state. In the experiment of interest ͓1͔, the polarization of the two colors of photons were not parallel, so this calculation is not strictly applicable to the experiment, but it has the advantage of being directly comparable to the three-photon ionization results. The angular distributions may then be written as a series of ␤ K parameters:
where
and L is the integrated cross section that corresponds to leaving the ion in the L channel. This sum only includes even values of the K index. The beta parameters, for the case where L i ϭ1, M i ϭ0, and the ion is left in the 3s state are given by
For the case where the core is left in the 3p state, the ␤ parameters are given by The cutoff parameter of the model potential was modified to obtain accurate energy values for the one-electron wave functions. The discrepancies between the experimental and theoretical energies are most likely due to the core potential. The cross sections for the Lϭ1 case from the ground state is plotted in Fig. 2 . The Lϭ3 case from the ground state is plotted in Fig. 3 , and total cross sections are shown in Fig. 4 . In Fig. 4 , (3s)ϭ(3skp)ϩ(3sk f ) and (3p)ϭ(3pks)ϩ(3pkd
The Lϭ1 results for process ͑A͒ are dominated at low energies by ͑i͒ a bound-bound resonance, ͑ii͒ an AIS in the intermediate state, and ͑iii͒ a core excitation process. The higher energy region is dominated by a series of doubly excited states. In the low-energy region of the plot, the 3pks and 3pkd
1 P o channels have the highest cross sections and at higher energies, the 3pkd 1 P o channel has the largest cross section. The 3p 2 1 S e AIS is populated by a two-photon process ͑see Fig. 2͒ and is the source of the lowest energy resonance at a photon energy of 0.153 a.u. At about 0.16 a.u., the 3 1 S(3s 2 )→3 1 P(3s3 p) bound-bound transition causes a singularity in the cross section. The case where this state is populated is presented later in the paper. The third resonance, at 0.164 a.u. is caused by a core excitation. This is the transition from the 3s to the 3p states in the Mg ϩ ion. This excited state then couples with the continuum of the ejected electron and results in a resonance in the ATI cross section. The proximity of three resonances, the 3p 2 1 S e , the 3 1 S(3s 2 )→3 1 P(3s3 p) transition, and the core resonance makes the ATI cross section in the low-energy region unusually large. The height of the latter three peaks is infinite due to the breakdown of perturbation theory ͑PT͒. Nonperturbative approaches must be used to obtain ionization probabilities in the vicinity of these three resonances. The most common approaches are the direct solution of the time-dependent Schrödinger equation ͑TDSE͒ ͑see Ref. ͓20͔, Chap. 5͒, the density-matrix approach ͑see Refs. ͓12͔ and ͓13͔͒ and the resolvent operator formalism. Note that the problem of the core excitation has been treated in detail in the latter approach by Hanson et al. ͓28͔ . In our problem, considering that the laser intensity is too low to significantly modify the positions and widths of the resonant states and that the band- Table I , and the dominant configurations are listed in Table II Table I , and the significant configurations and amplitudes of these states are listed in Table II. The  3 1 P(3s3 p) singularity is present at 0.16 a.u., and the core resonance is again found at 0.164 a.u. The lowest energy 1 F o AIS is the 3d4 p state at 0.177 a.u. The state produces a transparency in the 3pkd 1 F o channel and peaks in the 3sk f and 3pkg channels. The 4s4 f AIS at a photon energy of 0.186 a.u. produces a sharp resonance. The total cross sections are plotted in Fig. 4 . It should be noted that the total cross section of the 3p channels are higher than the 3s channels at all energies, and at lower energies the 3p channels generally have a cross section which is an order of magnitude higher.
The angular distributions for process ͑A͒ where the Mg ϩ ion is left the in 3s state is plotted in Fig. 5 , and the case where the ion is left in the 3p state is plotted in Fig. 6 . Figure 5 shows that the angular distributions are anisotropic. Although the anisotropy seems to decrease markedly at the 3 p 2 1 S e AIS and the core excitation in the 3s channels, this must be taken with some caution because, as mentioned above, perturbation theory breaks down in the vicinity of these resonances. Figure 6 shows the angular distribution of electrons where the ion is left in the 3p state. The low cross section for the 3pkg channel results in a small ␤ 6 parameter. The ␤ 4 parameter is generally the largest contributor, although at the 3p 2 1 S e resonance, it decreases sharply. At this resonance, both ␤ 4 and ␤ 6 approach zero, so that the distribution of electrons for much of the energy range would be strikingly similar to a p wave. Two-photon ATI cross sections from the 3 1 P(3s3 p) state, process ͑B͒, are now considered. This is the equivalent to the two-color experiment in which the 3 1 S(3s 2 ) →3 1 P(3s3p) transition is pumped, followed by a second color photon to ionize the atom. We are, in effect, looking at the case where the intensity of the nonresonant color is much greater than the intensity of the resonant color.
In Fig. 7 , we consider the Lϭ1 case for process ͑B͒. At lower energies, the 3pkd and 3pks 1 P o channels have the greatest cross sections, and at higher energies, the 3pkd channel dominates. Once again, the low-energy region is dominated by the 3p 2 1 S e AIS in the intermediate state at a photon energy of 0.153 a.u., and the core excitation resonance at 0.16 a.u. At higher energies, the same Feshbach states that occur in the three-photon problem are present. The 4s4 p AIS produces a transparency in the 3skp and 3pks channels, and a peak in the 3pkd 1 P o channel. The 3d4 p 1 P o AIS causes a resonance in all channels at 0.192 a.u. At higher energies, there is a large number of AIS states whose positions and widths are cataloged in Table I , and their dominant configurations are listed in Table II. In Fig. 8 cross section of the channels. The low-energy region is relatively featureless, except for the presence of the core excitation. The lowest energy AIS, the 3d4p 1 F o , is at 0.186 a.u. and causes a transparency in the 3pkd channel, and resonances in the 3sk f and 3pkg channels. The 4s4 f AIS at 0.200 a.u. causes a striking peak in all channels.
In Fig. 9 , the process ͑B͒ total cross sections are plotted as a function of energy. The 3p channels again have far larger cross sections than the 3s channels. It is worth noting the large differences between the calculated cross sections, and the experimental cross sections found by Darveau and Berry. These experiments found a cross section, from the 3 1 P(3s3p) state to be 1.42Ϯ0.096ϫ10 Ϫ43 cm 4 s, while we found a cross section of about 1.2ϫ10 Ϫ48 cm 4 s at 0.1542 a.u., the corresponding energy. While ATI cross sections are very difficult to determine experimentally, this difference is large enough to be quite significant. In principle, the main difficulty in comparing these two numbers is that the composition of the experimental signal is difficult to determine. It may be attributed to either an ATI process, or to a scattering process. Further experiments by the group have concluded that the exponent of the dependence of this peak on the Mg density is actually 2, which implies that the dominant mechanism in this peak is a superelastic scattering process. The electrons are ejected by a REMPI process, and the ejected electron interacts with a second excited Mg atom, and during the resulting collision the atom de-excites to the ground state, transferring the excess energy to the electron. These calculations support the conclusion that the highenergy electrons produced in the experiments of Darveau and Berry are caused by a superelastic collision between a photoelectron and an excited Mg atom. Further experiments will be reported to confirm this.
In Figs. 10 and 11, we show the angular distribution of the ejected electrons for process ͑B͒ where the ion is left in the 3s and 3 p state, respectively. In the 3s case, the ␤ 6 parameter is much larger than the ␤ 2 and ␤ 4 parameters throughout most of the spectrum. The 3p 2 1 S AIS causes the ␤ 4 and ␤ 6 parameters to approach zero, so the distribution is similar to a p wave. The core excitation also makes the distribution to roughly approach a p wave. The 3p4d AIS at 0.186 a.u. causes the ␤ 4 to become the dominant term of the beta parameters. In the 3p case, the ␤ 6 is quite small throughout due to the relatively low cross section of the 3pkg channel.
IV. CONCLUSIONS
We have studied the three-photon ionization and the twophoton ionization from the 3 1 P(3s3 p) state of Mg between the 3p and 4s threshold using an L 2 integrable B-spline basis in the Feshbach formalism. This system is ideal for experimental studies due to the presence of three significant resonances, the population of the 3 1 P(3s3 p) state, the 3p 2 1 S e state in the intermediate state, and the core excitation. Because of the proximity of these three resonances, the cross section for ATI in this region is unusually high. Also, the photon energy required to observe these resonances are accessible by many laser systems. We also report the positions, widths, and configurations of a number Lϭ1 and Lϭ3 AIS which lie between the 3p and 4s thresholds. We have also helped to confirm the identity of the signal in Darveau and Berry ͓1͔ as most likely being predominantly due to superelastic collisions. Furthermore, we would like to support future experiments, especially in the region of the core excitation and the bound-bound resonance.
